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THE ELIMINATION FORM OF THE INVERSE 
AND ITS APPLICATION TO LINEAR PRDGRAWINO 

Th« inrcrtt (A ) of * matrix (A) it Ttluftbl« wh«r. a nuabtr of fota 

of •quatlons AX • b art to b« •olvtd using difforant b*« and the •«&• A. 

A*1,  lik« any matrix, aaj bt oxprosaad at the product of othar aatrlcM 

A"1 • M» Vl  •   •   • Ml 

in an Infinltt numbtr of waja.    E.g.   (2) • (1/2)    U)    - (I/o) (16) ttc. 

If wa hava auch K.,  .  . •  f M_ wa can aolva AX ■ b, X - A'^b in a itrlaa 

of atapa: 

X(1) - M1 b 

X-H^-1* 

Th« txpratilon H    .   .  . M   ia rafarrad to at a "produot for»" of invaraa. 

In aoR« probltBM there nay bt M.  which are aaaiar to obtain and apply than 

A"1 itatlf. 

Thia paper will diacuaa a particular product fonr of invaraa which ia 

cloaely related to the Oauasian elimination method of aolving a aet of aimul- 

tanaoua equationa.    Thit "elimination fore of the invtrte," at wa shall call 

tV,  it ttpecially valuable when A hat a large number of zero coefficianta. 

If A haa no tero coefficients, on the other hand, the elimination form of 

Inveree it ttill generally at convenient aa the conventional  A    . 

The elimination fore of invartt can be illuttratad in terms of the 



•olutlon of thv •quAtiom in ihr«« unknowns! 

1) Äll \ * \2 X2 * '13 X3 - ri 

2) A21 h * A22 X2 **2jhm r2 

3)   *3x ^ * »-  -- * • - x   " r 
32   2       33    3       3 

For tht Boaont wo will lit tho k     diogonAl oloiont bo tho k     plvoUl olo- 

■ont.    frtm oquatlon I) wo got tho flrtt oquotion of our bock solution 

Bl)    h.^.^l       ^i 
11        11    ^       11    -^ 

Wo «lUinsto il L  fro« oqustions 2) and 3) by sddlng ( - -^  ) tlaos ths first 
^    .. ^11 

oquatlon to tho i      oquatlon,  thus obtaining 

20b      X*h      I-r i   )    D22 Aj       o23 A3      r2 

32   2       33   3       3 

Mhoro 

• 
r2- r2 Mr 
• v r3 

Sl«ll«rly WO «•t u 

B2) h 
% h 

•nd 033 s-r 
•• . s 0    ♦ whsro r,    • r^ 
3 3     °22 

Finally 

B3)    X. - r^    r^ 3     c33      3 

B3) «ivos us X3; X3 and 82) giro X^;    X2, X3 and Bl) giro X^ 
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Contid«r th« transformttlon» which ooourrvd to our original right hand 

th«n 

1 

than 

thon 

■id«,    first «« fonMd 

1        0 

-%> 

1 

0 

0    - 

\ 

\ 

0 

1 

/ 1 
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Tbut 

Sine« tht *. .    b       o^. do not dopond on tht r^ w haro 

U 11 11 \        / 

.  \  / ^    . 

u 

> 
11 

31*il*rly If A it any ■ X ■ non-3inful*r aatrix 

A       *    IM   BJ   •   •   •   EL HB_I    .   •   •   n-| 

whor« 1^ it A aAtrlx of th« for» 

wo härm 

0 

'33/ 

kk 
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and By is of tht fom 

1 
• 

• 

1 

■^ 

JL.   -     Jfcl •    •    •    "   JB 
^ck Mtk \k 

1 

Althoufh thif tlUdnatian fom of Inroroo «omitto of 7m~l «Atrlooo 
2 

it oontAint only n   nvmbor» which AT« net know »-priori to bo 0 or 1.    It 

ro^uirot Ui§ MB« nvabor of ■ultiplioation« and additiono to apply tho ali- 

■ination fom aa it do« to apply tho oonrontional k" .    Tho arltfaMtic 

opomtloni roqulrod to obtain tho B.   ... B^   R^  . .  . FL and to apply 

tho« one« avo axaotly tho oaiao aa thoao roqulrod to aolvo a att of linoar 

oquationo by Oauaaian oliaination. 

Suppoto that tho kth pivot is not rj.   but v^ *     (whoro ▼.    la tho talao 
oo IJ 

of tho parasotor of 1th aquation jth varlablo at tho kth ttop).    Thia atop 

tronifomi tho right-hand aid« by 

A 

now * ■. old 
( r ) - ( r ) 

1 

whara at laaat k-1 of tho  -r 1 - 0 and whoro tha ^ vactor la in tha i0 

coluaii of tha Matrix.    Tha kth atap alao glraa rlaa to a back aolution 

Jo ^1  1 0 *      J    J 
o    o 

whara at l«aat m-k of tho T). oqual »aro. 



NOD 

Th« tllBlnAtion for« of th« iJiT«r«« in this cat« !• 

A*B.   •••BLP R^_^ •  •  • 

«her« 

• 
• 

V 
i 

l.J. 

• 
ri 

• 
•   • 

\- i 

1 

and P it pamuUtion matrix tueh that if ▼?. !• • pivotal tlaant P aakas 

th« old 1      eoapontnt of (r) boeoao th« new J      eonponont of r. 

That A"1 • B^ .  .   . P .  .  , R,  , I.«,, that AX - r iaplita X " ^ 

P •  •  • I     r   may bo soon at folio««.    Th« transformation« R   ..  .  . R     r 
1 B-l 1 

fir« th« right hand «id«« of tho book «olutlon« in th« original «quation 

OFtlor.    WO oan imagin« roordoring th« «quation« «o that n«w fir«t back «olu- 

tlon i« th« on« if th« form 

Tii 

and «imllarljr th« n«w k"1 baek solution i« th« on« in which X.   wa« «liminatad. 

This r«arrang«««nt chang«« th« ord«r of th« r    «xactlj a« do«t P.    Th« la«t 

baek «olutlon i« of th« form 
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Sine« r.    if now th« j th co«pon«it of (r), B    (at doorlbod «boTt) «111 

tran*fom (r) into a rooUr with X     in tho J th spot.    Tbo nwtt boek •olution 

if of tho for» 

Sine«, thonkf to B^ and P, r. ii tho J .th cooponont and X if th« J th 

ooaponont of (r), B . tranfforaf (r) into a ▼tetor «dth I1 in tho J th 

«pot af «fll aa 1.    in th« j^th «pot.    And «o on. 

In rooording B. or R. in# «ay, a hand eoaputation it if not nooofsary 

to writ« out th« «ntir« aatrix. In th« eaa« of an R. it if only n«c«««ary 

to rooord th« i «liainatad and th« non-t«ro '   •   In th« oaf« of a B^ it only 

if n«o««fary to rooord th« J «liainatad, th« non-t«ro n   and l/piTotal •l««i«nt. 

12       3 If, for «ocaapl«, th« pivotal «l«fi«ntf r    , ▼    , yr    «r« uaod in invarting a 

3x3 «atrix, th« «llminatlon for« of tha inran« Bight b« rooordod a« in 

Tablt 1. 

Tabl« 1. 

Right Hand Sida Transforaation« 

k 
i 

«llainat«d i r i r 

1 1 2 6.42 3 8.15   ' 

2 3 2 9.10 

3 2 

■    Back Solution 

k 
3 

«liainatad l/(piTotal «l«a«nt) J n J 
^ 

1 3 .84 1 i.oe 2 6.45 1 
2 1 5.92 2 3.18 

1     3 2 1.08 

In aaahiaa coaputatlon a« Mil only th« non-trirlal part« of B^ and R^ naad 

b« «torod. 



N6I0 

If th* •ätrlx A bu a Iftrg« nxatmr of ttro o^.t tht •llmln*tion fom ef 
2 

iavtr»« aajr hav« «pprMlAblj !••• than n   non ttro  / • and T) ••    Thit aay b« 

•o oTtn thottfh A"^- baa no aoroa. Thus th« aatrlx 

1 0 0 -1/2 

-1/2      10 0 

0 -1/2     1 0 

0 0       -1/2        1 

A - 

hat a oonTtntional Inrtrt« 

,-1 

6A5 2A5 4A5 8A5 

8A5 16 A 5 2A5 4A5 

4A5 8A5 UA5 2A5 

2A5 4A5 8A5 16A5 

and hat an allalnation font, uting th« diagonal «l«B«nt« at pivot«, of 

Eight Hand 3id« Tranti fomationi 
k - 

1 i olin. 1 r 

i         1 2 1/2 

|         1 3 1/2 

1         1 4 1/2 

Back Solution 
k • 

J «lin. 1/piTotal «lea. J V 

1 1 4 1/2 

2 1 4 1/4   1 
3 1 4 1/8   j 

k 16A5 

Ihn« «hil« A ha« 8 non-aoro«, A*^ ha« 16 nan-aoro« and th« «llainatira fom 

ha« 10 non-ft«ix>f. 
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The number of non-tero T^ *n>1 r in An •lialntt.lon fora of lnY«rt« say 

depend on which pirotal eleaente ere ueed.    Suppoee the **i below repreeent 

the non-tero elenente of » 5 x 5 matrix. 

» * » • 
• • « 

If a     ia the firet pivotal element the non-zeroa at etep two are  (barring 

accidental zeroa) a«  follova 

» » » » 
• • « • 
» • » • 
• « » • 

But if a     or a     ie the pivotal element the pattern of non-zeroa ia 
15 51 

• • * • 
• • « 
• « 

A table indicating zero and non-aero coefficiente ia a valuable aid in 

the choice of pivotal elenente.    Prorc euch a table an agenda (i.e., a coaplete 

set of pivotal element«) can be choaen before coaputation begina.    Thia eepara- 

t.lon of the choice of  the agenda and actual  elimination ia convenient both in 

hand and machine computation.    T^ere are,   nowever,  two dangera attached to 

deciding on an agenda beforehand.    Some pivotal element may accidentally become 

zero,  in which caae  the agenda cannot be  followed to the end.    Or come pivotal 

element may turn out to be ao email  that  Its uae would advereely affect the 

accuracy of the reaulta.     The aoluUon to  theae difficultiea aeema to be to 

have some teat of the acceptability of a pivotal element;  form the agenda 

beforehand and follow it aa long aa each pivotal element meeta the teat.    If 

a pivotal element faila the teat, a new agenda can be worked out for the 
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r«Mining «quAtiont and varitbltt.    '^«n A ha« many atro ooaffidantt th« 

accuracy of tha     and      la improred by tha fact that !••■ optratlont ara 

raquirad to obtain thai. 

An axaapla aganda !• prea«ntad In Table 2.    Th« X's rapratant th« original 

non-taro aloaantt of tha matrix.    Tha M'B rapresant coefficient» which began 

aa tarot but ended aa non-zero«.    The nunberc k ■ lt  .  .  .,43 in the matrix 

Indicate the k"1 pivotal elwnent.    The number (o.) at the right of each row 

indicate« the number of el «rents of that row which were not already eliminated 

whan the row waa eliminated.      The number o     at the bottom of each column 

Indicate« the number of elements of that column which were not already elimi- 

nated when the coluor wa« eliminated.    One of the by-product« of making an 

aganda beforehand 1« foreknowledge of all the variable« which will appear in 

any aquation and all tha equation« in which a variable will ever appear. 

The matrix which Table 2 represent« was the optimum basis of a linear 

programnlng problan involving a /♦3-aquation model of petroleum industry. 
2 

Thla matrix ha« 197 non-zero element«.    A« compared with a po««lble  (43)    • 

1649« the number of non-tero el«nent« in the elimination form of inverae is 

L P*   *L (o.-l) " E o^   ♦   £ o,  - 43 " 201.    To derive thi« inverae require» 

£ Pi    ori * ^»^ ■ultiplications or division« and somewhat less 
(1,J pivotal) J 

additions or subtractions. 

It would be desirable to choose an agenda ao aa to minimize the number 

of zero« which become non-zero.    In «ome caaes it is harder to find auch an 

"optimum" agenda t.han to Invert a matrix.    An alternative is to choose at 

each atep the pivot which minimizes the number of z«ro3 which becoae non-zero 

at that «tap.    A  still  «impler alternative,  which ««ems adequate generally, 

1« to choo«e the pivot which alniitlse« the number of coeffioient« modified at 



lift I 

•«MA 

o 

n 
v. 
13 

u 
15 

16 

17 

18 

19 

20 

21 

22 

?3 

2i 

25 

?6 

27 

2ft 

29 

30 

31 

32 

33 

3/. 

35 

36 

37 

3ß 

:   2 

v-. 

:] 
r 

• i  m 

:  ? 

I 

x 

■ 

X 

I 

36  t 

35 

. II 

i: 

i 
j; 

7. 

X   , 

I 

X 

V 

7      ^ 

Y    I 

x(x 

10    1]  i 12     13     1/.    IS    1^    17 

M ' 

X ' 

38; 

x 

,'JJ* 

X. i 

v 

X 

a 
x 

X 

X 

X 

X 

X 

M 

i 

;    7 

J 

1Z 

V 

T 

x 

v 

1?    19    20 

"k 

X   1  '.' 

y     < 
t 

A 



1 ??   23 i ^4    ?5 1 ^ Jfrj 28   :9    *■    31 , 3: 
1 

■>■»    1 ?i 3^ : 

< 1 

■k 

3 A 

■ ■ u 

1 
r. 

i 

i 
•1 ■ 

» • 

> I 

331 

.V 

?5 .   X 

- 

15 

1. 

17 

:9 

i"7.  38   39   .0    a\ &   & 

1 

;i 

2] 

r 

) 

/ 

Y 

■>»^     .». 

■: 

/ y X 

X X X 

X Y V % 

X > > y 

T V « 

> 
•» 

3f 

-t 
1 
1 

X    U3 

1   8 

X 

X 

I 



3f X 

35 

• 11 

V 30 11 I 12 13 U    IS 1^ 17 1? 10 Ä) ^ 1 .r\ 23 ?4 ?5 j :^ 

-4 

1 

3.. 

U 

■ 

, * 

t T 1 

1 

X X •r 7 I 
< i 

X 

X I i X Y / 
1 

♦ ' ! 
7 X ^ X X 

i i 
1 
• 

X 
! 
i X X 

• • 
( 
1 

X 
■ 

1 

i 
1 

4 t i 

- ■ 

V 

x 
38 

X 

■ 

X 

- 

X 

X 

J 

X 

X 

X 

4 

J 
1 

y T 
I 

T 1 

M 

> 
I X .^ X 

M ; M1 4DM 
1 

♦ 

y X x v; 

! X f x i 
>                      * - • -    -    • r * 

j : V X > T 
, I 

x 

L —-j—-r— 4 -^JU-X^v.^,- 
X ^: 

' P 

H 

t 

t 

\ 

1 

t 
^2 

^3 

?5 

• 

• 



ri'N- rnu    Jijrj./-;   y.vj Njxrvf •J i* 

^'28   ^9    V.     31    3      ^    ?4    3j    ?      J'     38   ?')    ..0    ^1. ^; '.^ 'o. la 
n<.^ vh^n 
}lnc -iTtei 

3     >: 

.r 

19 

x 
x 
Y 

Q       T. 

> 

21 

y UM» ■ ^—■»M^M^pW^ 
3' 

■<■  ■■ ■  - 



c 

9 

20 

n 
1?. 
13 

U 
15 

16 

17 

18 

19 

20 

21 

22 

25 

26 

27 

2« 

29 

X) 

31 

32 

33 

34 

35 

36 

-»7 

38 

X 

I * 

^r I" 

X 

5 
1 

•i 

,i M 

i 

~a=r-r 4 

35 

i li 

x; 

v 

Y I 
t 

i 
X 1 

X I ! . • 
)■ 

T I x 1 
> 

* 
x;> X XJX 

.•: 

^^:i^:^4 
3^ 

■ 1 

38 

X 

X 

•' ^DM 

X. I 

Y 

Y 

X 

X 

X 

X 

X 

■■! x o 

13 

X 

r 

-o 

X , X 

f 

oT'j-x 



T      X 

X 

32 

3. v  1 

U 

T      T      X 

:-' 

33 

P5  i   X 

'     "! 

15 

1(' 

17 

:9 
;i 

21 

i   i'i    H^P     i 

• X X 

X y >: 

>: ^ 
V \ 

v 7. 1 • 

T X V 

> 

• 

*» ■ J     11   111 

^x 

3' 

1 k       u P 

I 

I 

X 

i 
I 



i    r" 

X 

35 

11 

r 
3A 

7 

h   X 

y 

•'i 

i 

i! 

i; 

XKT 

K < 

X 
♦ 

X    X 

M 

i   - 

X I   X 

38 ;   X 

- 
I 

} 
r'JOM 

i 

. 
i 

i    . 

X      J 

X ' 
t 

a: x 

X 

x    r 

x 

x 
M 

 -^ .,- _4_    .A^i^ 
^ --- -*■ 

v 

1° 

y 
♦ 

r 
i 

} 

X 

X 1 

T 

PfJ 

^9 

3C 

I 

i x 

32 

y     ^    r.    Y 

X 

X 

u 
X      T 

^^^JbMMI  J !■ ■Uli   ikA b.     ■ 

X 

1 



u 

1 i 

} 
H 

P5  l   X 

t 

r    T 

15 

1( 

17 

19 
:■ 

23 

T n 11» an > ^p—^—gy^pwfi 

,   i 

•' X • • 

/ V X 

X y X 

v X V 

X >. ^ 

T 7. *' 

T 

Y 

) 

^ 

3^ 
«*-^fc*»    11 ■ 11^ 

1        R     «       P 

2 

1 

1 

1 

/ 

'1 

D 



MMb step (txcludlng thoa« which art allJdn«i«d at th« particular at«p),    Thla 

XM •quivalant to chocain^ tha non-aaro ala—it with alAima (pj * l)(a   -1) 

Flgura 1 iUuatrataa «atrlcaa ij^h jji» following propartiaa t 

• 

b)    if an alaMnt o..   or ak . in tha k     coluam or row ia non-taro, than 

\ 

non-aaro. If a aatrlx ia aljaoat of tha abora fern axcopt that a few aaroa 

•ro alxod ia with tha non-aaro«t than uain< tha k
1" diafonal aloaont aa tha 

k^1 pivot aaj ecuaa tha nBi8plAoodn »troa (and only thaaa) to boccna non-aaro. 

Figura 1. 

« ♦a ••» •* 
♦ # ••• ••• « 
» » • «•• * » # aa» 
• • • a «•• aoa*** * 
a ♦ • ♦ a *«• #♦»♦»• »a» 
•••••a •* •♦♦•»♦ • 

An^iCATiow TO my T^T™1 

Th« ttpttn aotbod for aolring linaar prognaBing problaas haa a nunbor 

of variaata.   A raoant raraion roqulroa tha aolution of two aata of aquation«. 
a 

UM first aat of «quatioM 

pU «^   or   A'p -^ 

yiald« pricaa p which are asod to aalaot a Tariabla !„, currantly aqual to 

aoro, to bo inoroaaad until «OB« "baala" rariabla bacoaaa aaro.    Tha aaoond 

Mt of «qua ti on a ia 

A« • P, 

wfeara Pt it a aoluan roator aaaociatad with tha variabla Ia. a ia uaad to 

ri 
- 

•> 

a)    all diagoaal alaaanU o     ara non-aaro 

all «lananta batwaan o     (or c* .) and o^ aro non-aaro. 

1% ia triTial to find an optimal aganda for auch aatricaa.    If th« k™ .Jt~ 
2   . •    >- 
diagonal «lasant ia u»«d a« th« k^1 pivot, no »aro oooffioiant will bacoai« '.'w »'«, 

'■ 

■ 

I'M. 

«0. B. Dutaig. Alax Ordan, ft Philip Wolf«, »Th« 0«n«raUaad Slaplaa y^ 
ll«ihadf« BAMD P-3W-1, 4 Au«wit 1953. 4vV? 



P-6Ö0 
-11,- 

dtUrmln« Mhich baaii rarUbl« lr first bacoM«« fro *• l^ la incraaatd. 

Th« aatrix A at ona itaration diffara fron that at tha naxt only in that 

tha column ractor Pr, which wm will aaauma to ba tha rth colvann of A, ia 

raplaead by tha noluaai ractor P .    I.a.# 

A(k) • (P.    .  .  . F. .   .   . P,   ) 
Jl r Jm 

bacocaa 

t(k*l) 

Or 

k * «  •  •  • "• •   ••'.   ) 
Jl J« 

.(,t*1) - (p, ... pr. .. p,)   1i. ••1 

Ji J«        . • 

•r 

S 

1 «! 
Lattlng I • 1        • wa hara 

•    1 
s 

A(k^) - ih 

Tha inraraa of A^k+1^ ia 

whara 

K-1 

-/•r 

1 * 
1 
a 
.r 1 

-a' 
m 
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kw
l 

In w wlj mrlaiit of th« ti^pltx Mthe4 th« ntw inrvn« Av    J>/     «M 

(kT1   (kT1 

obtAiMd At Meh «top by «ultlplTlnf out Iv  y     Av*'    .•   In a aor« r«o«M 

Tirolon th« 1^   ^     Art earrlod nlonf and uiod at product for» of inrorao. 

If Ua flrat Uaratloo stnrta with tha idantity natrix thtn 

k(u)-1. ^-ir1 . ^--J)-1 ,,. ,(1) ^ 

If tna product font of InTaroa la uaad, aa k inoraaaad coatputlng tlna 

raquirad par itaratlon also incraaaac.    A point it arantually raachad whan 

it la datirabla to rtinrart tha currant baaic A^^ and let 

,  W     «M t I K     »If- I    i I K        • f  i-       '      ' .«V»''1 . t^O^'1 . . . E^O)"1 A W 

At thia point tha alladnation fora of invaraa can ba of  mlua, acpacially 

if A hat a larga nuafcar of »arc«, ainca this for« raquirct laaa tia« to 

obtain and apply. 

RainTcrtlnf A la only part of tha oparationa InToIrad in solring a 

linaar prograaadnf probloa.    Wa thcrafor« oaxmot axpact to obtain, by th« 

uaa of tha •llmlnatlon fora, tha •aa« parcantaga raduotion in ooHputing tia« 

for tha «hole linaar progwi ng problem aa wa obtain for tha rainvaraion 

of A.    Whan a nora conraniant.  font of inTtraa is arailabl« it mar be datlrabl« 

to rainTart aora fraquantly.    To ••« tha «ffact of a mor« conveniant fora 

of inrarac on tha fraquancy of rcinraraion and the tia« r«qx\ir«d to «olv« a 

linaar prograaadng problaai, w« aust axplor« th« quastion of optioua r«in- 

Toraion policy. 

Wa will firat darir« aoaa naat raaultt und«r ««r«!*«! r«strictiT« aaiunp- 

tiona. Aft«rwarda w« will «how cooputing procadura« for obtaining an optiaua 

rainraraion policy under «Mr« gan«ral aaaxaaption«. 

•3«« Gaorga B. Dantaig,  "Maxiai tatlon of a Linaar function of Variablos 
3ubJ«ct to Linear Inaqualitlaa,,• pp. 33^-347, and Robert Dorfaan, "Applicaticr 
of the Siaplex Method to a Cane Theory Problaa," p.  356 in ActiTity ^naljaii 
of Production and Allocation. T. C, Koopaana, Ed., New York, 1951 

»♦See Oeorge E. Dantaig, "Th« Product for» for th« Inrerae in the Siaplex 
Method," in Matheaatical Tab lea and Other Aide to Ccaputation.  Till, No. kb, 
April, 1954. 
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It hat b««n obitnr^d, with stop witch as wall ai theory, that, with 

tht RAND llnaar ppogruBtlng codt for th« IBM 701,  th« coaputlng tie« r«qulr*4 

ptr Itaration incraascs linaarlj with th« n\abar of itarationa.    Lat u« aaa\aaf 

for th« waaant, that (a) tha probl« «tart« with a first baaia to b« InTartad; 

(b) th« tlm« raquirad for this firat InTanlon ia tha aaaa as that for any 

subaaquant r«inT«raien; (c) tha ooaputing tin« r«quir«d sine« th« b«finning 

of a (ra)inTaraiofi is a quadratic function of th« nuab«r of it«rationa sines 
2 

than,    t • o ♦ 3 I ♦ / I      wliar« a, $,/> 0.    Lot us further assvaa, for tha 

aosiant, that th« makb«r of itorations Ifraquirod to solr« th« probl«« is 

known b«for«hand. 

Suppos« it w«r« d«cidod that thara would b« n InTorslon« (n - 1  rain- 

T«raiona)*    L«t Al.  ■ th« nuab«r of itarations b«tw««n th« i      and i+1 

inraraion (for i - l,..,n - 1).    L«t ^1^ • tha mmbar of itantlons fro« tha 

nth inraraion to tha and of tha probl«■.    Total tlm« (T) roquirad ia 

1-1 1 

whara 

i-1 

Tha optiaua aolution aust satisfy th« Lsgrangian «quations 

ö E (a ♦ ^J.   ♦ /-(AI.)2)    -     K{   AI*) 
.J. 1 *  - 0 

^ ♦ 2    ^^    -   ^  • 0 for all i 

A li ia ths «as« for all 1 

W« can tharafor« rawrit« th« «xpr«aaion for T aa 

T - n(ft ♦ 31 4<ri2) 

whar« I -Al^ ■ I 
n 
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en ♦   pi ♦   .i~ 

dT   -     o-^ 
In 2 

d^T    -      2   ^1 ?2 

dn 
T 

Sljio«   *-*      > 0    for all n  > 0, ind •Inc« T     -> «>" a» n  -* 0, any n> 0 with 

• 0 §!▼•• a minim» Tal a« of T for all n > 0. If tuoh an n it non-int«gral 

tht batt latagral value it tlthtr that iuMdiattly abov« n, or that iMBadiattly 

balow n, or both 

»»«to " 0 

Lot us aatun« that n it inttgral.    Thtn tht optiaua 

I -A i   - i    s: 
\ 

T^- 

I ♦ pi ♦ r 
N 

i 
r 

- (P 2   ^a^r )I 

Tht latt axproation can bo utod for ottiauiting th« tlat to bo tarod bj using 

a aort conroniont font of invtrto.    Thut—giron our variout attuaptiont—if a 

now mtthod of inrartion could product an invtrtt in ont-fourth tht tiat (a) and 

btoautt of itt eocpaotnttt it ptntitttd tht firot subttqutnt ittration to bt 

dont in ont-half tht tiat (p,  roughljj,  tht «holt linaar progratoaing probltB 

could bt dona in ont-half tht tiat. 

Ltt ut now tuppott that I it not known but hat an a-priori probability 

dittribution  (dtrirad prttuaably frca patt lintar prograaaing probltat).    Wt 

aay at wall alto drop tht quadratic aatuaption on t.    Wt dtfint 
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1J 
the «xpected raltM of r 

1J 

wh«r« 

r 0 «h«n I   <  1 

U < 

v_ 

Th« («xpMtod) tlm« roquirod to (ro)lnr«rt tho aAirix at 
i and it«r«t« throufh j-1 without rolnrartinf—if T> J« 

Th« «xp«otod tljM from tho beginning of the roinTortion 
at it to th« ond of th« problan if i <  I < j. 

3uppo»« th« points of r«lnT«r«lon «r« b«for« it«r»tion« I,, . .  .,1- («in«« 

r«inT«rti«n point! can b« cho««n with 1    »o Larg« that th«r« is a täte proba- 

bility that this iteration will occur, there is no loa« of generality in 

assuaing a fixed K).    Kxp'#ct«d time,  to be »inlmlied,  is 

K - a. 
1 I 1    * \l2    '   *  S   '   ' \-l] 

The optlaal ralue of I,  of I    could be calculated if I    w«r« know.    It is gl 

by tho function I,   (I0) which ainiaites a,,    ♦a for Yarious ralues of I 
A       * iij^ 11^2 * 

and which can b« readily ooaputod, 

.» 

Define 

2/1 

- \ i1 (i2) ♦ ^ (I2).I; 

We now only n««d to ainiMia« 

,,  * *! I ^ • • • * 4I   I 
2/1     2 3 K-l K 

We r«peat the proceas until we have 

E - a 

\n 1.  .  ,  .1 K-l 

fro« which we gst I    Aftifl work back through 

L , (i ), i     (i    ), stc. 
1-1      K       1-2      K-l 
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It ii tteaen for ti>« aatrieM in loduairt^I applieationa of lUMr pro- 

grMMing W hATo * larft proportion of toro oooffioitnta.    Whilo trory Itta 

(rmw ■otorlal, intonodiAt« wttorlAl, «nd it«, oquipaont it«) in, »«7, a 

•tool plant BOJ bo in MBO oonnar rolotod to orofj othorf «ny portitulor 

proeoot uooo rorj fow of thooo.    Thu» tho Botrlx doooribinf stool toehnolofj 

hM 0 HttU porconUf« of non-sorot.    If tpotiol or t«Bporol diatinctiono 

tro introdxieod into tht aedol tho porcontof« of non-toros gon«rmlly folio 

firthor.    Thu* if o ont-tloo poriod, ono-ploe« aodol uaoo ■ «quotiono and 

hot q non-toro oooffioiontt, on 3 ploeo, T tio« poriod oodtl uouolly boo 

about 8tk oquotlono and tho proportion of non-toro eooffieionto it roughly 

ICTSq - _^ 
i    2    Z 3T 

ST« 

*loro K lo oooolly about 2. 

If 3 or T li dooblod it aay gonorally b« oxpootod that tho UJM roquirod 

par itoration by a linoar progfoMaing proooduro «hi oh dooa not takt ad van tag« 

of aoroo «1X1 la«roao« \>j a factor of k*    If an •Ilmlnatlon for« of inroroo 

la «ood wo «ay «xpoct 9, p and ^ in t - o» ♦ ßl ♦ /I to roughly doublo, and 

thoroforo tlao par itoratian (approxiaatoly ß ♦ ^vt )  to alto doubl«. 


